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Abstract 

We study edge-to-edge tilings of the sphere by edge congruent pen- 
tagons, under the assumption that there are tiles with all vertices hav- 
ing degree 3. The technique of neighborhood tilings is developed and 
applied to completely classify edge congruent earth map tilings for the 
edge length combinations a^b'^c, a?hc and a^h^. 

1 Introduction 

Mathematicians have studied tilings for a long time. Among many important 
discoveries is the complete classification of edge-to-edge tilings of the sphere 
by congruent triangles [21 H] . It is an easy combinatorial fact that in an edge- 
to-edge tiling of the sphere by congruent polygons such that all vertices have 
degree > 3, the tile must be triangle, quadrilateral, or pentagon [5]. Accord- 
ing to [5], the study of quadrilateral spherical tiUngs is rather complicated. 
We believe pentagonal spherical tilings should be relatively easier to study 
because 5 is an "extreme" among 3, 4, 5. Indeed, the minimal case of the 
edge-to-edge tilings of the sphere by 12 pentagons has been classified in [2]. 

This paper is part of the attempt to classify beyond the minimal case. 
Specifically, we study edge-to-edge tilings of the sphere by edge congruent 
pentagons satisfying the following combinatorial conditions: 
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1. The number of tiles is > 12. 

2. All vertices have degree > 3. 

3. There is a tile such that all its vertices have degree 3. 

Note that we are only concerned with the edge congruence, which means 
that the edges of the pentagonal tiles have the same lengths and the same 
adjacency relations. To get the full geometrical congruence, we also need to 
consider the angles. We study the full geometrical congruence in a subsequent 
paper [1]. 

The first condition simply means that we are beyond the minimal case. 
The second condition essentially assumes that all vertices are natural, which 
simplifies our study. The real condition is the third one. Under the second 
condition, it is an easy combinatorial consequence that, if Vi is the number 
of vertices of degree i (recall that the second condition means fi = f2 = 0), 
then 

v^ = 20 + ^(3z - 10)vi = 20 + 2v4 + 5v5 + 8ve + ■ ■ ■ . 

This shows that degree 3 vertices dominate. In fact. Lemma 3 of |2j says 
that there must be a tile with at least four vertices of degree 3. So we expect 
that the third condition is satisfied by many pentagonal tilings, and failing 
the condition should impose substantial constraints on the tiling. 

When the edge length is considered, by Proposition 8 of P], our combi- 
natorial conditions imply that there are only five possible edge length combi- 
nations for the pentagon, and each combination has unique (up to rotations 
and fiippings) edge length arrangements: 

a : a,a, a, a, a; 
a'^b: a, a, a, a, 6; 
a^b^c: a, a, b, b, c; 
a^bc: a, a, a, b, c; 
a^6^ : a, a, a, b, b. 

For the edge length combination a^, there is nothing left to classify. The 
combination is rather complicated and will be treated in another paper. 
This paper deals with the last three edge length combinations. 

In Section |2l we develop the technique for studying the tilings satisfying 
our combinatorial conditions and having edge length combination a^b'^c, a?bc 
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or a^b"^. The main result is Lemma [T] that classifies the edge congruent 
tilings of the neighborhood of a tile with all vertices having degree 3. Then 
we further find all the ways such neighborhood tilings propagate. 

In Section |3l we recall the earth map tilings introduced in |6], which 
are characterized by the property of having exactly two vertices of degree 
> 3. Beyond the minimal case of the dodecahedron tiling, these are the next 
simplest spherical pentagonal tilings. We apply the results of Section [2] to 
prove Theorem [21 which says that there are no edge congruent earth map 
tilings for the edge length combination a^bc. 

In Sections H] and [5l we further apply the results of Section [2] to classify 
edge congruent earth map tilings for the combinations a^b^c and a^b^. The 
results are summarized in Theorems [3] and HI 

What about the tilings more sophisticated than the earth map tilings? 
If we know the combinatorial structure of a tiling, and there are sufficiently 
many tiles with all vertices having degree 3, then the technique of this pa- 
per can often be used to classify edge congruent tilings for the three edge 
length combinations. On the other hand, if we also take into account of the 
angles, then we can often get additional constraints. For example, in [T], we 
will show that, under our combinatorial conditions, it is impossible to have 
geometrically congruent tilings for the edge combinations a^6^c and a^bc. 

2 Neighborhood Tihng 

Let P be a tile in an edge-to-edge pentagonal tiling. The neighborhood of 
the tile is the collection of tiles with at least one common vertex with P. If 
all the vertices of P have degree 3, then the combinatorial structure of the 
neighborhood is given in Figure [H The nearby tiles are labeled by 1, . . . , 5 
and denoted Pi, . . . , P5. The edge shared by Pj and Pj is denoted Eij. 

Lemma 1. For distinct a,b,c, we have the following edge congruent tilings 
of the neighborhood of a tile with all vertices having degree 3. 

1. If the pentagon has edge length combination a'^b'^c, then the tiling is 
uniquely given by the right of Figure IE up to symmetry. 

2. If the pentagon has edge length combination a^bc, then the tiling is given 
by one of two in Figure up to symmetry. 
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Figure 1: Neighborhood of a tile with all vertices having degree 3. 



3. If the pentagon has edge length combination a^lP' , then the tiling is given 
by one of three in Figure [7] up to symmetry. 

Proof. For the edge combination a'^b'^c, we start with the center tile in Figure 
|2l with edge lengths arranged in the (unique, up to the symmetries of rota- 
tions and clippings) order of a, a, b, b, c. The edge -E45 is adjacent to c and 
therefore cannot be c. If £'45 = b, then all the edges of P4 are determined. 
The two a-edges of P3 imply that £'23 = 6 or c. In either case, we have 
E12 = a. Then all the edges of Pi are determined, and we find three 6-edges 
in P5, a contradiction. So we must have £45 = a. Then we can successively 
determine all the edges of F4, F3, P5. We already know two a-edges of P2 
and two 6-edges of Pi. This forces E12 = c, so that all the edges of Pi and 
P2 are determined. 




Figure 2: Neighborhood tiling for edge combination a'^b'^c. 

For the edge combination a^bc, we start with the center tile in Figure |3l 
with edge lengths arranged in the order of a, a, a, b, c. Since E12 is adjacent 
to both b and c, we must have E12 = a. Then we can successively determine 
all the edges of Pi, P2, P3, P5, and we get £34 = £45 = a. The only 
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ambiguity left is the location of the fe-edge and the c-edge in P4, which gives 
two possibilities. 
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Figure 3: Neighborhood tilings for edge combination a^bc. 

For the edge combination a^bc, we start with the center tile in Figure HI 
with edge lengths arranged in the order of a, a, a, b, b. The edge £'12 is either 
a or b. If E12 = a, then we may successively determine all the edges of Pi, 
P2, P3, F5, P4 and get the first tiling. If £'12 = b, then we may determine all 
the edges of Pi and P2. Now among the edges E34 and £45 of P4, one must 
be a. If -E34 = £45 = a, then we immediately get all the edges of P3, P4, P5 
as in the second tiling. If £34 and £45 are a and b, then up to symmetry, we 
may assume £34 = b and £45 = a, and also immediately get all the edges of 
P3, P4, P5 as in the third tiling. □ 
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Figure 4: Neighborhood tilings for edge combination a^b"^. 

By the propagation of the neighborhood tilings, we mean whether one of 
the nearby tiles Pi, . . . ,P^ may also have all its vertices having degree 3. For 
the unique neighborhood tiling for the edge combination a'^b'^c, this is indeed 
the case for all the nearby tiles. An example is given by the edge congruent 
dodecahedron tiling in [2]. 
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For the edge combination a^bc, we call the two neighborhood tilings in 
Figure [3] types I and II. An immediate consequence of Lemma [T] is that, 
in either neighborhood tiling, each of the tiles labeled x in Figure [5] must 
have at least one vertex of degree > 3. The labels I and II for Pi and P2 
mean that theses tiles can have all vertices having degree 3, without causing 
contradiction. 




Figure 5: Propagation of neighborhood for edge combination a^bc. 



Similarly, for the edge combination a^b"^, we call the three neighborhood 
tilings in Figure H] types I, II, III. Again Lemma [1] implies that, if a neigh- 
borhood tiling is of certain type, then each of the tiles labeled x in Figure E] 
must have at least one vertex of degree > 3. Moreover, for those nearby tiles 
allowing all vertices having degree 3, the neighborhood of that nearby tile 
must be of the indicated type. We also note that for the type III neighbor- 
hood, we highlighted two edges with circles. These two edges will be used in 
future arguments. 




Figure 6: Propagation of neighborhood for edge combination a^b^. 



6 



3 Earth Map Tiling and Edge Length Com- 
bination a^bc 



Earth map tilings are the pentagonal tilings of the sphere with exactly two 
vertices of degree > 3, which we call poles. The shortest paths between 
the poles are the meridians. In [0], we showed that the distance between 
the two poles must be < 5, i.e., the meridians consist of no more than 
5 edges. Moreover, for each distance, the tiling is combinatorially given 
by repeating (i.e., gluing along the meridian boundaries) a combinatorially 
unique timezone given by Figure [71 The repetition will come back and be 
glued to the original timezone. This forms a cylinder. Then we add two poles 
to the top and the bottom of the cylinder to form the earth. 

In Figure [71 four timezones are shown for the distance 5, and one timezone 
is given for each of the distances 4, 3, 2, 1. The dashed lines for the distance 
4 are not part of the timezone, but is drawn to indicate how the timezone 
repeats itself. The only variables for an earth map tiling are the distance 
between the two poles and the number of copies of the timezone. We note 
that the two poles have the same degree, and in case of distances 4,3,2, 1, 
the degree is a multiple of 3. 





distance 5 



distance 4 






distance 3 



distance 2 



distance 1 



Figure 7: Timezones of earth map tilings. 



Observe that the shaded tiles in Figure [71 cannot have three successive 
nearby tiles, such that each has at least one vertex of degree > 3. Therefore 
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the shaded tiles cannot have edge congruent neighborhood tihngs hke the 
ones in Figure El This imphes the following result. 

Theorem 2. There are no edge congruent earth map tilings for the edge 
length combination a^bc. 

The earth map tilings have various symmetries. 

1. For distance 5, the tiling (as drawn in Figure [7]) is symmetric with 
respect to the vertical and horizontal flippings. 

2. For distance 4, in consideration of how the timezone is repeated, the 
timezone is symmetric with respect to the vertical and horizontal flip- 
pings. The combinations of the two flippings is the 180° rotation. 

3. For distance 3, the timezone is symmetric with respect to the 180° 
rotation. 

4. For distance 2, the timezone is symmetric with respect to the vertical 
flipping. 

5. For distance 1, the timezone is symmetric with respect to the vertical 
and horizontal flippings. The combinations of the two flippings is the 
180° rotation. 

In the subsequent arguments, when we say up to symmetry, we mean the 
symmetries above. 

4 Earth Map Tiling and Edge Length Com- 
bination a^b'^c 

In this section, we classify edge congruent earth map tilings for the edge 
combination a^b'^c. We know that the edge lengths of each tile must be 
arranged in the order of a, a, b, b, c. However, for a specific pentagonal tile, 
there are ten ways of arranging the edge lengths in such an order, given 
by five rotations and five flippings. For distances 7^ 3, due to the flipping 
symmetries of the earth map tilings, we actually only need to consider five 
ways of arranging the edge lengths. For distance 3, we need to consider all 
ten ways. The argument starts by considering the five (or ten for the distance 
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3 case) possible ways the edge lengths of the shaded tile in Figure [7| can be 
arranged. 

The classification is summarized below. 

Theorem 3. The edge congruent earth map tilings for the edge length com- 
bination a^b'^c can be classified into the following numbers of families. 

• Distance 5: 2 families. 

• Distance A: 2 families. 

• Distance 3: 3 families. 

• Distance 2: 3 families. 

• Distance 1: 2 families. 

The details for each family will be presented in the subsequent arguments. 
The classification is up to the symmetries of earth map tilings given in Section 
m and the symmetry of exchanging a and b. Moreover, it turns out that the 
famihes can be uniquely characterized by the distance between the poles and 
the edge length combinations at the poles. 

Figure E] gives one example each for the two families in distance 5. 
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Figure 8: Earth map tilings (°) and (^"^) , of distance 5. 
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Distance 5 



Up to the symmetries of the earth map tihng, the tiles Pi, P2, P3, P^, in 
Figure [9] give all the possible arrangements of the edge lengths of the shaded 
tile in Figure [7]that conform to the order of a, a, b, b, c. By LemmalU once we 
fix one such tile P, all the edges in the neighborhood of P can be determined. 
In particular, all the edges of the shaded tile P_ on the left of P and the 
shaded tile P+ on the right of P are determined. Then Lemma [1] further 
determines all the edges in the neighborhoods of P_ and P+. The process 
continues, so that the edges of the starting tile uniquely determine all the 
other edges. 
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Figure 9: Earth map tihng, distance 5, edge combination a^b'^c. 

We get two repeating patterns, which give two families of edge congruent 
earth map tilings of distance 5 for the edge combination a^b'^c. 

1. Repeat the shaded part of the first picture in Figure [9] by k times. The 
pole vertices are and b^. 

2. Repeat the shaded part of the second picture in Figure [9]by times. 
Both pole vertices are {ahc)^. 
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Note that the shaded part of the second tihng is obtained by gluing the 
neighborhood tihng of P4 and its 180° rotation. 

We introduce specific notations for the tihngs of the shaded parts in 
Figure [9], by taking the edges at both poles. So we denote the first shaded 
part tiling by (^), and denote the second shaded part tiling by (^"^). Then 
the two families can be described as follows. 

1. Circular product of (^). 

2. Circular product of (^"^). 

Distance 4 

Up to the symmetries of the earth map tiling, the tiles Pi, P2, P3, P^, in 
Figure [To] give all the possible arrangements of the edge lengths of the shaded 
tile in Figure [7] that conform to the order of a, a, b, b, c. Then we may apply 
Lemma [1] to get all the edges in the neighborhood of any Pj. If all vertices 
of any tile in this neighborhood have degree 3, then we may further apply 
Lemma [1] to this tile and get the edges of more tiles. Keep going, we see that 
the edges of any Pj uniquely determine all the other edges in the timezone 
(shaded part). 

By comparing the edge length arrangements of the meridians, we see that 
each timezone tiling can only repeat itself. Moreover, applying a symmetry 
of the earth map tiling either changes the edge length arrangements of the 
meridians or fixes the whole timezone tiling. Therefore the symmetries do not 
produce new timezone tilings. On the other hand, exchanging a and b means 
exchanging the first and the second tilings. After all the considerations, we 
get two families of edge congruent earth map tilings of distance 4 for the 
edge combination a?b'^c. 

1. Circular product of Q. 

2. Circular product of (|^^^). 

Note that the notations take the "middle three" edges at the poles. 

Distance 3 

Up to the symmetries of the earth map tiling, the tiles Pi , . . . , Pio in Figure 
[TT] give all the possible arrangements of the edge lengths of the shaded tile 
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Figure 10: Earth map tiling, distance 4, edge combination a^b'^c. 



in Figure [71 Then we may apply Lemma [T] and use the edge congruence to 
get all the edges in the timezone. 

By comparing the edge length arrangements of the meridians, we see 
that each timezone tiling can only repeat itself. Moreover, the 180° rotation 
either changes the edge length arrangements of the meridians, or fixes the 
whole timezone tiling. Therefore the rotation does not produce new timezone 
tilings for the purpose of connecting the time zone tilings together. On the 
other hand, exchanging a and b means exchanging a tiling on the left with 
the corresponding tiling on the right. After all the considerations, we only 
need to repeat the three timezone tilings on the left of Figure [TTl This gives 
three families of edge congruent earth map tilings of distance 3 for the edge 
combination a^fe^c. 

1. Circular product of M. 

\aaaJ 

2. Circular product of Q. 

3. Circular product of (^|!°). 

The choice of notations respects the symmetry of 180° rotation. 
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Figure 11: Earth map tiling, distance 3, edge combination a^b'^c. 
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Distance 2 

Up to the symmetries of the earth map tihng, the tiles Pi in Figure [12] give 
all the possible arrangements of the edge lengths of the shaded tile in Figure 
[71 Then Lemma 1 and the edge congruence determine all the edges in the 
timezone. 

By comparing the edge length arrangements of the meridians, we see that 
each timezone tiling can only repeat itself. Moreover, the vertical flipping 
produces new timezone tilings only when apphed to the ones in the second 
row. On the other hand, exchanging a and b means exchanging a tiling on the 
left with the corresponding tiling on the right. After all the considerations, 
we only need to repeat the three timezone tilings on the left of Figure [12] 
and the vertical flipping of the middle one. This gives three families of edge 
congruent earth map tilings of distance 2 for the edge combination a^lP'c. 

1. Circular product of (^^^). 

2. Circular product of Q. 

3. Circular product of {^^^ ■ 

The vertical flipping of is (^|!^). The choice of notations respects the 
symmetry of vertical flipping. 

Distance 1 

Up to the symmetries of the earth map tiling, the tiles Pi in Figure [12] give 
all the possible arrangements of the edge lengths of the shaded tiles in Figure 
[7] Then Lemma 1 and the edge congruence determine all the edges in the 
timezone. 

By comparing the edge lengths of the meridians, we see that each time- 
zone tiling can only repeat itself. Moreover, applying the symmetries may 
produce new timezone tilings. On the other hand, exchanging a and h means 
exchanging the first and the second tilings. After all the considerations, we 
get two families of edge congruent earth map tilings of distance 1 for the 
edge combination a^6^c. 

1. Circular product of (T), (T)- 

\abc/' \aaa/ ' \aaa/ ' \acbJ 

2. Circular product of (^^3, 
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In the first family, (°^^) is tlie first timezone tilings in Figure [121 is its 
vertical flipping, is its horizontal flipping, ["^2) is its 180° rotation. In 
the second family, (^^^) is the third timezone tiling, and (^^^) is its vertical 
flipping. The choice of notations respects the symmetry of vertical flipping. 

5 Earth Map Tiling and Edge Length Com- 
bination a^b^ 

The edge combination a^b^ is more complicated than a'^b'^c due to three 
possible types of neighborhood tilings. This can be dealt with by using the 
propagations in Figure El Another difference is that we no longer have the 
symmetry of exchanging a and b. Examples can be obtained by taking a = c 
in the classification for a^b^c. However, there are edge congruent tilings for 
a^b^ that are not obtained as degeneration of a'^b'^c. 

Theorem 4. The edge congruent earth map tilings for the edge length com- 
bination a^b^ can be classified into the following numbers of families. 

• Distance 5: 2 families. 

• Distance A: 3 families. 

• Distance 3: 4 families. 

• Distance 2: 3 families. 

• Distance 1: 2 families. 

The classification is up to the symmetries of earth map tilings given in 
Section |3l but without exchanging a and b. Unlike the case of edge combina- 
tion a^6^c, the distance between the poles and the edge length combinations 
at the poles do not uniquely characterize the families. 

Distance 5 

Consider a shaded tile in Figure [3 By the propagation in Figure O if the 
neighborhood of this tile is of type I, as indicated by the circle in Figure [TH 
then the two nearby tiles labeled x must have poles as vertices. Up to sym- 
metry, we may assume that these two tiles are located as in Figure dH Then 
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we have all the edges in the neighborhood. Moreover, the propagation tells 
us the types of the two nearby neighborhoods. This gives all the edges in the 
two nearby neighborhoods. By using the propagation again, we can succes- 
sively determine all the edges. By the time we get type III neighborhoods, 
we find that the pattern repeats. Moreover, the edges at the north poles 
should have length b to the left of the initial tile, and should have length a 
to the right of the initial tile. However, these two directions will eventually 
meet, causing a contradiction. We conclude that type I neighborhood tiling 
is actually not allowed. 
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Figure 14: No neighborhood of type I or II. 

If the neighborhood of a shaded tile in Figure [7] is of type II, then the 
propagation in Figure |6] implies that a nearby neighborhood is of type I. 
Since we have argued that there is no type I neighborhood, there is also no 
type II neighborhood. 

So the shaded tiles can only have type III neighborhood. Observe that 
the edges in a type III neighborhood are completely determined by the edges 
of the center tile and the two "legs" circled in Figure [61 Guided by this 
observation, we find that up to the symmetries of the earth map tiling, the 
neighborhoods of the tiles Pi, P2, P3, P4,, P5 in Figure [T^ give all the possible 
ways a type III neighborhood fits into the tiling. Once we fix one such 
neighborhood, the edges of the shaded tile P_ on the left of P and the 
shaded tile P+ on the right of P are determined. Since the neighborhoods 
of P_ and P+ must be of type III, all the edges in the neighborhoods of P_ 
and P+ can be further determined. The process continues, so that the edges 
of the initial tile uniquely determine all the other edges. 

We get two repeating patterns, which give two families of edge congruent 
earth map tilings of distance 5 for the edge combination a^b"^. 
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Figure 15: Earth map tiling, distance 5, edge length combination a^lP'. 

1. Circular product of (^). 

2. Circular product of (^"^). 

These are actually obtained by taking c = a for the combination a^lPc. 



Distance 4 

A shaded tile in Figure [7] has exactly two nearby tiles with vertices of degree 
> 3, and these two tiles are always next to each other. Among the three 
types of neighborhood tilings in Figure [6], only type III neighborhood tiling 
has this property. Therefore the other two types are excluded. 

Up to the symmetries of the earth map tiling, the tiles Pi, P2, -Ps, -P4, -P5 
in Figure [11] give all the possible ways that a type III neighborhood fits into 
the tiling. Then it is easy to see that each way determines all the other edges 
in the timezone. The five timezone tilings are actually obtained by taking 
c = a in Figure [TOl 

By comparing the edge length arrangements of the meridians, we see that 
the second and third timezone tilings can only repeat themselves. Moreover, 



19 



I I 

a a 



r 

a 



b 



/« 1 

a-[ b 
a „ a I 



a a 

-a- 
b a 



b 

X 

a 

a ' 



a a 
I I 



b 



b yb- 
a a 

Y 

a 
I 



a 

b X 



a \ I 
a a 

a ha-{ 



I 



I 

a 



-a-( a 

b a A 
a 



'a b ^5 fb^" a b 



P5 ya 

b^ a 



a j-a 
b a 



I 



a 
I 



a 



I I 

Figure 16: Earth map tiling, distance 4, edge length combination a^b"^. 



the first timezone tiling can repeat either itself or its vertical flipping. So we 
get three families of edge congruent earth map tilings of distance 4 for the 
edge combination a^b"^. 

1. Circular product of M, i"^")- 

\aoaJ ' \aaaj 

2. Circular product of (^|^^). 

3. Circular product of (^^^). 

The notations are obtained by taking the "middle three" edges at the poles. 
Moreover, is the vertical flipping of ■ 



Distance 3 

A shaded tile in Figure [7] has exactly one nearby tiles with vertices of degree 
> 3. This implies that the tiling of the neighborhood of the shaded tile must 
be of type III. 
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Up to the symmetries of the earth map tihng, the tiles Pi,...,Pio in 
Figure [T71 give all the possible ways that a type III neighborhood fits into the 
tiling. Then it is easy to see that each way determines all the other edges in 
the timezone. The six timezone tilings are actually obtained by taking c = a 
in Figure [m but arranged in different order. 
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Figure 17: Earth map tiling, distance 3, edge combination a^h"^ . 



We have four possible edge length arrangements for the meridian. Since 
the two boundary meridians of each timezone tiling have the same edge 
length arrangements, we have correspondingly four families of edge congruent 
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tilings. We also note that only the 180° rotation of the upper right timezone 
tiling gives a new timezone tiling with the same edge length arrangements 
of the boundary meridians. So we get four families of edge congruent earth 
map tilings of distance 3 for the edge combination a^b'^. 

1. Circular product of ("f), (f"). 

^ \aaaJ ' \abaJ ' \oaa/ 

2. Circular product of (21), Q. 

3. Circular product of (^^J^). 

4. Circular product of (^^^) . 

All except (^^^) denote the six timeszone tilings in Figure HTJ and (^^^) is the 
180° rotation of ("^^) . Like the case of a^6^c, the choice of notations respects 
the symmetry of 180° rotation. 

Distance 2 

Since the shaded tile in Figure [7] has no nearby tile with vertices of degree 
> 3, the tiling of the neighborhood of the shaded tile must be of type III. 

Up to the symmetries of the earth map tiling, the tiles Pi, P2, P^, P^, P5 
in Figure [18] give all the possible ways that a type III neighborhood fits into 
the tiling. Then it is easy to see that each way determines all the other edges 
in the timezone. The five timezone tilings are actually obtained by taking 
c = a in Figure [181 but arranged in different order. 

We have three possible edge length arrangements for the meridian. Since 
the two boundary meridians of each timezone tiling have the same edge length 
arrangements, we have correspondingly three families of edge congruent earth 
map tilings of distance 2 for the edge combination a^b^. 

1. Circular product of n, ("f), ("'t)- 

^ \aabJ ' \abaJ ' \aaaJ ' \aab/ 

2. Circular product of HZ), (£)• 

3. Circular product of HZY'''''- 

In the first family, (21) and ffj are the timezone tilings in the first row 
of Figure [181 and (^^|^) and (^^^) are their vertical flippings. In the second 
family, {^t) ' {Im) timezone tilings in the second row of Figure [181 In 



22 




Figure 18: Earth map tiling, distance 2, edge combination a^6^. 
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the third family, (^"") is the last timezone tiling in Figure [THl and (^"") ^ 
is its vertical flipping. Like the case of a'^b'^c, the choice of notations respects 
the symmetry of vertical flipping. 



Distance 1 

Since the shaded tiles in Figure [7] have no nearby tile with vertices of degree 
> 3, the tiling of the neighborhood of the shaded tile must be of type III. 

Up to the symmetries of the earth map tiling, the tiles Pi, P2, P^, P4, 
in Figure [12] give all the possible ways that a type III neighborhood fits into 
the tiling. Then it is easy to see that each way determines all the other edges 
in the timezone. The three timezone tilings are actually obtained by taking 
c = a in Figure | 
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Figure 19: Earth map tiling, distance 1, edge combination a^b'^. 



Corresponding to the meridian length a or b, we have two families of edge 
congruent earth map tilings of distance 1 for the edge combination a^b^. 
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1. Circular product of (T), ("f), 

\aoa/ ' \aaa/ ' \aab/' \aaaJ ' \aba/ ' \aabj 

2, Crcuta product of O.O.O"*. O'"*. 

In the first family, (^^^) is the first timezone tiling in Figure [191 and (^^^) , 
(aab)' (aaa) respectively its vertical flipping, its horizontal flipping, and 
its 180° rotation. Moreover, {^^^ is the second timezone tiling in Figure 
Unj and (^^^) is its vertical flipping. In the second family, (^^^) is the third 

timezone tiling in Figure [191 and (^^|^), (bbb)^^'^? (!baa)^^^^ respectively its 
vertical flipping, its horizontal flipping, and its 180° rotation (which is the 
combination of horizontal and vertical flippings). The choice of notations 
respects the symmetry of vertical flipping. 
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